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Abstract—Energy-efficiency continues to limit peak computational performance in digital systems. To drive continued energyimprovements, designers of modern digital systems are relying on
multiple, smaller voltage domains for enhanced voltage-scaling.
Switched-capacitor (SC) voltage converters are a promising alternative to traditional switched-inductor regulators due to their
suitability for efficient, fully-integrated regulation of finer voltage
domains. However, several important problems regarding the
analysis and optimization of SC converter design remain unaddressed. This paper develops a comprehensive analysis of SC
converter output resistance to establish the optimal switching
frequency and switch resistance for maximum converter efficiency.
The proposed analysis is validated through simulation experiments conducted using an industrial 65nm CMOS technology.

the desired output resistance is achieved by modulation of
the switching frequency and width [7], [14]. An analysis of
optimal switching frequency is offered in [15], but it relies on
approximate converter output resistance models that do not accurately reflect the actual operating condition of the converter.
Precise expressions for output resistance, and its dependence on
switch resistance and switching frequency will enable a better
understanding of optimal switching frequency and switch width
configurations for efficient SC implementation.
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Energy efficiency is a key limiter to continued growth in
compute performance [1]. To drive continued energy-efficiency
improvements, designers are relying on integrated voltage
regulators [2]–[7] to power increasingly smaller domains for
finer-grain voltage control and faster supply transitions. This
trend is expected to continue – Future Systems-on-Chip (SoCs)
are expected to have hundreds of cores [8], each with its own
voltage domain.
Supporting a large number of voltage domains poses substantial challenges for package design and device form factor.
Efficient integrated voltage conversion and regulation therefore,
is the only viable alternative to enabling energy-efficiency
through a large number of voltage domains. Using switched
capacitors for on-chip voltage regulation has received much
interest in recent years [4]–[7], [9]–[12]. For fully-integrated
implementations, on-chip capacitors offer a higher qualityfactor and energy density [13] compared to switching integrated
inductors in existing standard CMOS technologies. Efficient
implementations of integrated voltage converters based on
switched capacitors have been also demonstrated [4]–[7], [9].
Another promising use for SC converters is in ultra-low power
and energy-harvesting systems, particularly for applications
that are constrained in total volume. 1:2 and 2:1 converter
topologies are overwhelmingly popular [6], [10]–[12] with
additional conversion ratios developed by combining individual
1:2 or 2:1 stages [10], [11].
An analytical model for the SC converter is essential for
both voltage conversion and regulation. In both applications,
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(a) Simplified schematic of a basic 2:1 step-down SC converter. Alternating conduction phases of PMOS and NMOS switches enable the transfer
of charge from the supply at Vin to the output at Vin/2.
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(b) Simplified 2:1 switched-capacitor converter model.
Fig. 1. Simplified 2:1 SC converter model and schematic.

Figure 1 illustrates a simplified schematic, and an electrical
model of a 2:1 SC converter. By continuously alternating the
connections of the flying capacitor Cf ly using switches, current
is efficiently delivered to the output load at half the voltage.
Two key attributes of the converter are its output resistance R0 ,
and the power dissipation within the converter while driving a
load. The converter losses can be written as the sum of Psw ,
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its switching losses and Pcon , its conduction losses:
Ptot

= Psw (Csw , Vout , fsw ) + Pcon

(1)

where Csw is the switching capacitance associated with driving
the switches, V is the voltage swing of the switch gate
terminals, and fsw is the converter switching frequency. Typical
applications of SC involve design with a target R0 . In such a
situation, conduction losses are fixed, and minimizing Ptot is
equivalent to Psw minimization.

Optimal frequency point
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(a) Simulation results of SC converter output resistance vs.
switching frequency for a given switch width. The optimal
switching frequency yielding maximum efficiency for any given
switch width lies between the SSL and FSL regions.
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(b) Simulation results of SC converter output resistance vs.
switch width at 50MHz and 100MHz switching frequency. The
optimal switch width yielding maximum efficiency for any given
frequency lies between SSL and FSL regions.
Fig. 2. Simulated 2:1 SC converter R0 vs. switching frequency and switch
width.

Prevalent resistance models for SC converters are applicable
to the the Slow Switching Limit (SSL), and the Fast Switching
Limit (FSL). During the SSL, the converter is assumed to be
switching slowly enough for Cf ly to completely charge (discharge) when connected to Vin (Vout ). Under the FSL regime,
the switching frequency is high enough for the voltage change
across the capacitor to be small, and the current flow through
the switches to be essentially constant. The output resistance
of a general SC converter under the FSL and SSL regimes is

well understood [16] and in the case of a 2:1 SC converter,
reduces to:
1
RSSL = 4fsw
C
(2)
RF SL = 2Rsw ,
where Rsw is the resistance of each switch used in the
converter. Observe that RSSL does not depend on switch
resistance, while RF SL is independent of switching frequency.
Figure 2 shows simulation results of the output resistance of
a 2:1 converter as a function of frequency and switch width.
As seen from the Figure, the two resistance metrics are really
only asymptotes. More importantly, the region of interest for
minimum converter losses for a given output resistance lies
between the two limits.
Recent work has established closed-form expressions for
1:2 and 2:1 SC converter output resistance [17], [18]. However, several important aspects of SC converters require closer
examination. Understanding optimal switching frequency and
switch width that will yield maximum efficiency will enable
not only efficient converters, but also provide insight into
effective compensation techniques for regulator applications.
power-optimal design of SC voltage converters. The scope of
this work will cover the design of 2:1 and 1:2 converter circuits,
which are overwhelmingly used in actual implementations due
to their efficiency, and their ability to provide other conversion
ratios [10], [11]. The contributions of this paper are as follows:
(1) We build upon existing work in SC converter analysis [17],
[18] to develop a closed form expression for switched-capacitor
output resistance. (2) We identify the criterion for optimal
switch width allocation and fsw to provide a target output
resistance with maximum energy efficiency. (3) Using our
optimization results, we propose a control law for the simultaneous scaling of the switching frequency and switch width.
We validate our analysis by comparison with simulations of
SC-converter designs performed in an industrial 65-nm CMOS
technology and present our results.
The remainder of this paper is organized as follows: Section II presents the analysis leading to a closed-form resistance
expression for a 2:1 and 1:2 SC converter. Section III presents
analysis on the energy-optimal configuration of SC converters,
and a discussion of a control law to maximize R0 constrained
efficiency in SC regulators. Comparisons of the analysis with
simulation experiments in an industrial 65nm CMOS process
are presented in Section IV.
II. S WITCHED C APACITOR C ONVERTER A NALYSIS
In this section, we will build upon the closed-form expressions for 1:2 and 2:1 SC converters to enable the formulation
of the problem of power-optimization in the converter.
The analysis in the current section, and upon which subsequent optimization criterion and sizing guidelines are derived,
makes the following assumptions:
A1 The generation of the clock signals for the SC converter
switches can be performed using a variety of different
techniques [6], [14], [15]. To maintain generality, the ensuing analysis assumes that the switching power dissipation

in the converter can be written as:
Psw = P0 + kdrive Csw V 2 fsw ,

(3)

Where P0 is the power overhead in implementing the
switch drivers, Csw is the combined switching capacitance
in the switches, and kdrive is the constant of proportionality accounting for the pre-drivers.
A2 The total power dissipation of the converter is assumed to
be dominated by switching losses and conduction losses.
Losses due to device leakage in the converters are ignored.
A3 Inclusion of the bottom-plate capacitance requires the use
of numerical techniques for optimization. For simplicity,
bottom-plate capacitance is ignored in this analysis.
As a result of the last two simplifying assumptions, the
proposed analysis is suitable for medium and high-power
SC converter applications. Analysis of low-power converter
applications requires incorporation of leakage and bottom-place
capacitance effects into Equation (3), which can be solved using
numerical techniques.

series with the output load and the input supply, the voltage
increase can be written as:
−tr
δ
δ = (Vin − (VC − ) − Vout )(1 − e 2τr ) ,
(5)
2
where tr is the duration of time for which the circuit stays in
phase φ, and 2τr is the RC time constant associated with the
two PMOS devices in series with Cf ly . Similarly, the decrease
in the voltage across Cf ly during φ, when Cf ly is connected
in parallel with the output load, can be written as:
−tf
δ
− Vout )(1 − e 2τf ) ,
(6)
2
where tf is the duration of time for which the circuit stays in
phase φ, and 2τf is the RC time constant associated with the
NMOS two devices in series with Cf ly . Simplifying Equation
5 yields

δ = (VC +
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=

−
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Similarly, simplifying Equation (6) yields
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Fig. 3. Steady-state voltage across Cf ly from Figure 1. Cf ly does not
discharge completely, and the magnitude of current flow is not constant during
the entire conduction phase of each switch.

Figure 3 illustrates the circuit used to determine the output
resistance of a SC converter. The analysis proceeds with the
placement of a voltage source Vout at the output of the converter in order to determine the R0 based on the the resulting
output current flow. In such a configuration:
R0 =

Vin
2

− Vout

Iload

.

δ 1+e 2τr
−tr
4(
1−e 2τr
tr
δ
4 (coth 4τr

+
+

1+e 2τf
−tf

1−e 2τf
t
coth 4τff

)

(9)

).

The charge delivered by a 2:1 converter over a single cycle
is 2Cf ly δ. Combining equations 4 and 9, we arrive at an
expression for the output resistance:

VC

Vout

(8)
)

Adding Equations (5) and (6) to eliminate VC and dividing by
2 gives:
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(4)

As depicted in Figure 3, under steady-state conditions, the
voltage transition experienced by Cf ly (denoted as δ) during
phases φ and φ is equal. During φ, with Cf ly connected in

=
=
=

1
( V2in − Vout ) Iload
Vin
( 2 − Vout ) 2Cf ly1δfsw
tf
tr
1
8Cf ly fsw (coth 4τr + coth 4τf )

(10)

Equation (10) specifies the output resistance of the SC converter as a function of tr , tf , τr , τf , Cf ly and f . The optimal
duty cycle can be determined by setting ∂R/∂D = 0 where
T = 1/fsw , and DT is the duration of phase φ.
R0

=

∂R0
∂D

=

(1−D)T
DT
1
)
8Cf ly fsw (coth 4τr + coth 4τf
T
1
1
2 DT
2 (1−D)T
32Cf ly f (− τr cosech 4τr + τr cosech
4τf

) = 0,
(11)
For the case when τr = τf , and observing that cosech(x) is
injective over the range (0, ∞) yields an expected result of
D = 0.5. For the remainder of this analysis we assume τr =
τf = τ , yielding:
R0

=

1
T
4Cf ly f coth 8τ .

(12)

Equation (12) can be shown to be consistent with the well-

known equations of output resistance at the SSL and FSL
limits (Equation (2)). Re-writing Equation (12):
−T

R0

=
=

1

1+e 4τr
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1
4Cf ly f

−T
1−e 4τr

(13)

as T → ∞

To verify the expression as T → 0, Equation (14) is first rewritten as:
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=
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r
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1
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T
4Cf ly f 4τ
r
8Rsw Cf ly
1
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T

(14)

2Rsw .

Note that in the event that τr = τf , it can also be shown
that VC = Vin/2. A similar analysis results in the following
expression for a 1:2 step-up converter:
R0

1
T
Cf ly f coth 8τ .

=

(15)

In the next section, we will develop our analysis to minimize
power dissipation within a 2:1 SC converter while maintaining
a target output resistance.
III. SC C ONVERTER O PTIMIZATION
A. Deriving fsw for maximum energy
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maximizing converter efficiency while maintaining an output
resistance of R0 can be stated as:
2
Ptot = kCsw V 2 fsw + Iload
R0
1
T
coth
=
R
,
0
4Cf ly f
8τ

minimize
s.t.

This section will derive the conditions on fsw and Wsw to
achieve maximum energy efficiency. Although a 2:1 converter
will be used as an example, the results are similarly applicable
to a 1:2 converter design.
First, we observe that minimizing Ptot is equivalent to
minimizing the switching losses in the regulator since both
Iload and R0 are not optimization variables. Focusing on the
switching power of the converter, the dissipation Psw is rewritten as:
Psw

= kdrive Csw V 2 fsw
kCsw Rsw Cf ly V 2 fsw
=
Rsw Cf ly
=

Fig. 4. Switch width, Wsw and switching frequency, fsw can be traded∗ ,W ∗ )
off to achieve a target resistance. Each output resistance has an (fsw
sw
assignment corresponding to maximum converter efficiency.

(17)

kτsw Cf ly V 2 fsw
,
τ

where τsw , dependent on input supply voltage and process
technology, is a constant for our analysis. The constrained optimization problem can be written as an unconstrained singlevariable minimization problem by writing τ in terms of R0 in
Equation (12) and substituting for τ in Equation (18):
2
Psw = 8kτsw Cf ly V 2 fsw
coth−1 (4R0 fsw Cf ly ),

(18)

∗
corresponding to maximum
The switching frequency fsw
converter efficiency therefore can be obtained by setting
∂Psw/∂fsw = 0. The resulting expression is:

2coth−1 (4R0 Cf ly fsw )

=

2coth−1 α

=

4R0 Cf ly fsw
2 −1
16R02 Cf2ly fsw
α
α2 −1 ,

(19)

where α = 4R0 Cf ly fsw . A numerical analysis yields α = 1.26
as a solution to Equation (19). Consequently, the value of the
∗
is found to be
optimal switching frequency, fsw
∗
fsw
=

R0=20

(16)

1.26
4R0 Cf ly

(20)

The similarity of the the result described in Equation (20) to the
output resistance at the SSL in Equation (2) is both remarkable
and useful. Given target resistance R0 , the optimal switching
∗
frequency fsw
is obtained by scaling the SSL-based switching
frequency approximation by a factor of 1.26.
B. Deriving Wsw for maximum energy

In this section, we examine the optimal values of fsw
and Wsw that maximize converter efficiency while meeting
target output resistance, R0 . When used for voltage regulation
applications [7], an R0 constraint ensures a controlled dropout against a peak current load, enabling sufficient headroom
for the downstream voltage regulator to ensure a steady output
voltage. When used in conjunction with a feedback loop to
directly regulate a supply voltage, a compensator modulates
switching frequency and switch width so as to maintain a target
voltage at the regulator output. As shown in Equation (12),
and illustrated in Figure 4, a variety of possible Wsw and fsw
combinations exist, all providing the same R0 . The problem of

∗
∗
∗
Given fsw
, Wsw
can be readily obtained by substituting fsw
into Equation (12), and recalling the definition of α,

τ

=
=

1
∗ coth−1 (4R f ∗ C
8fsw
0 sw f ly )
1
∗ coth−1 α
8fsw

(21)

∗
Since α = 1.26 for maximum efficiency, and fsw
has been
obtained from Equation (20), substitution into (21) yields
another straightforward result for the optimal switch resistance
∗
∗
Rsw
≡ ksw/Wsw
.
∗
Rsw
∗
Wsw

= 0.37R0
ksw
.
= 0.37R
0

(22)

Similar to Equation (20), (22) yields a surprisingly simple
and useful result. To maximize converter efficiency, the size
of each switch in the converter should be chosen so that
its on-resistance is a fixed fraction of the target resistance
R0 , regardless of operating voltage, value of Cf ly and even
fsw . Note that although the analysis can be used to show
that the optimal configuration corresponds to neither FSL or
∗
∗
SSL (illustrated in Figure 2), the value for fsw
and Wsw
can be
determined by scaling the results obtained from Equation (2).
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Fig. 6. Simulation results of the output resistance of a 2:1 converter versus
fsw . R0 , versus switching frequency fsw . Analytical predictions of this
relationship based on Equation (12) are super-imposed
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Fig. 5. Example of a SC voltage converter used for voltage regulation. As the
load current fluctuates, a compensator scales the switch width, and modulates
the Voltage-Controlled Oscillator (VCO) frequency to maintain a target output
voltage.

Figure 5 shows an example implementation of a SC
converter-based regulator. The use of simultaneous modulation
of both frequency and switch width has been adopted in the
past [6], [7], but an efficient control law for the modulation
of the converter output resistance has not been derived to
date. Drawing from Equations (20) and (22), which specify
the optimal values of fsw and Wsw for efficient converter
operation, the relationship between fsw and Wsw is observed
to be
∗
= 4R01Cf ly
fsw
(23)
0.46
= 4ksw
Cf ly Wsw ,
Indicating a specific linear relationship that should be maintained between VCO frequency to the applied switch width for
efficient operation.
IV. M ODEL VALIDATION
To validate the accuracy of our analysis, we compared simulation results of a 2:1 switched capacitor implementation with
Vin = 1.2V , Cf ly = 1nF in a 65nm industrial CMOS process.
For a range of possible target resistances, R0 , simulations were
performed to identify the fsw , Wsw combinations that yielded
the highest power efficiency in the converter.
Figure 6 compares the simulated SC converter output resistance over a range of values of fsw . The proposed model agrees
well with simulation results. In particular, unlike the SSL and
FSL limits, the proposed model yields improved accuracy in
the intervening region which is relevant for optimal converter
operation. Figure 7 illustrates the relationship between R0

Analytical
Prediction

∗ for
Fig. 7. Target resistance R0 , versus optimal switching frequency fsw
maximum converter power efficiency. Analytical predictions of the relation
based on Equation (20) are super-imposed.

∗
and fsw
using both using nominal-Vth and high-Vth devices.
As seen from the figure, analytical predictions based on the
proposed model agree well with simulated points. As expected
from Equation (20), and confirmed by the simulation, the
choice of threshold voltage, or other parameters affecting the
∗
switch resistance do not impact the choice of fsw
.
∗
Figure 8 shows the relationship between R0 and 1/Wsw
using
both using nominal-Vth and high-Vth devices. The analytical
model accurately matches simulation results. Also shown on
the plot are estimates of required Wsw based on FSL operation.
∗
As discussed in Section II, the Wsw
−R0 curve can be obtained
by scaling up the estimates obtained from FSL assumptions,
resulting in a gradient offset.
Figure 9 shows simulation results of minimum achievable
SC converter power versus target R0 for two designs using
nominal-Vth and high-Vth respectively. In addition to the sim-

High-Vth devices
Nom.-Vth devices
FSL-based Estimate

the optimal criterion for general conversion ratios, determining
the optimal fSw , Wsw configurations for non-unity beta ratios.

FSL
estimate
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